Abstract. We present an accurate and robust numerical method to track quantized vortex lines in a superfluid described by the Gross-Pitaevskii equation. By utilizing the pseudovorticity field of the associated complex scalar order parameter of the superfluid, we are able to track the topological defects of the superfluid and reconstruct the vortex lines which correspond to zeros of the field. Throughout, we assume our field is periodic to allow us to make extensive use of the Fourier representation of the field and its derivatives in order to retain spectral accuracy. We present several case studies to test the precision of the method which include the evaluation of the curvature and torsion of a torus vortex knot, and the measurement of the Kelvin wave spectrum of a vortex line and a vortex ring. The method we present makes no a-priori assumptions on the geometry of the vortices and is therefore applicable to a wide range of systems such as a superfluid in a turbulent state that is characterised by many vortex rings coexisting with sound waves. This allows us to track the positions of the vortex filaments in a dense turbulent vortex tangle and extract statistical information about the distribution of the size of the vortex rings and the inter-vortex separations. In principle, the method can be extended to track similar topological defects arising in other physical systems.
Introduction
Superfluids have been the subject of investigation since 1937 when it was first discovered that when liquid Helium 4 He is cooled below the lambda phase transition temperature of T λ = 2.7K, it undergoes a phase transition to a superfluid state 1 . In 1995, a dilute, weakly interacting and ultracold atomic gas of bosons was cooled below a critical temperature giving rise to a new state of matter, the Bose-Einstein condensate (BEC). This BEC arises as a consequence of atoms undergoing a macroscopic occupation of the lowest energy state of the system. Atoms in the lowest energy state have the unique property that they can behave collectively and undergo collective oscillations allowing them to display quantum mechanical effects on a macroscopic scale. Soon after the realization of the first BECs, the phenomena of superfluidity was also confirmed to arise in such systems 2 . Among the many fascinating properties exhibited by superfluids, such as the ability of the fluid to flow without dissipation, and the phenomena of second sound in 4 He, particular interest has been raised by the discrete and quantized nature of vortices in these systems. In superfluids, the circulation around each vortex is quantized in units of Planck's constant. These quantized vortices correspond to topological defects of the order parameter of the system where the vorticity is represented by a distribution of Dirac's δ -functions but where the density of the superfluid vanishes along the centreline of the vortex. In this regard, superfluids provide a naturally occurring system in which a vortex filament representation of the vorticity provides an excellent model rather than being an artificial mathematical idealization as in the case of a classical vortex.
Given these observations, several models have been developed to describe the motion of vortices in superfluids. These include the vortex filament model based on the BiotSavart law and one of its approximations commonly referred to as the local induction approximation 3, 4 . In this work, we will focus on a microscopic description of a superfluid provided in the form of the Gross Pitaevskii (GP) equation which can be formally derived for a weakly interacting Bose gas in the limit of zero temperature. However, it has also served as a useful hydrodynamic model of a superfluid since it can qualitatively reproduce the dynamics of vortices in liquid superfluid 4 He 5 . The Gross-Pitaevskii model provides a natural framework in which to address many open questions regarding the dynamics of vortices in these systems. This includes physical processes that are involved during vortex reconnections 6, 7, 8 , the nonlinear interaction and the decay of helical excitations of vortex lines in the form of Kelvin waves 9, 10, 11 , the interaction of sound with vortices 12 , and helicity considerations associated with the dynamics of superfluid vortices 13, 14, 15 . All of these aspects of the vortex dynamics are encountered within a turbulent vortex tangle 16, 17, 18 . It follows that in order to understand aspects of turbulence and the constituent elementary processes involved during the relaxation of a superfluid vortex tangle, it is essential to be able to extract the location of the vortex filaments from high fidelity numerical simulations. An accurate and reliable numerical method is, therefore, needed for this purpose.
Tracking vortex lines of a complex wave-function in three spatial dimensions is in general a challenging problem. Among the range of different methods present in the superfluid literature we recall: standard interpolation techniques 8, 19 , low-density averages 20, 10 , twodimensional Newton-Raphson method on planes corresponding to the Cartesian mesh 9 , and contour plots of the pseudo-vorticity field 21 . Many of these methods turn out to be either geometry dependent or not accurate enough to evaluate non-trivial geometrical quantities such as curvature, torsion and small-scale Kelvin waves on any vortex configuration.
The goal of the present work is to present a novel method for extracting vortex lines of the complex wave-function based on the Newton-Raphson method for finding the zeros of a given function 22 for a three-dimensional periodic domain. In order to demonstrate the method's accuracy and robustness, we will present a detailed validation using different test cases. Our aim is to demonstrate the potential broad applicability of the algorithm through consideration of different physical scenarios that are important in superfluids. Application of the method to address specific physical questions is deferred to future work. The paper is organised as follows. In Section 1, we present the GP model, its hydrodynamic interpretation, and recall the key properties of quantized vortex solutions of this equation. In Section 2, we describe how to implement the Newton-Raphson method to track vortices in two-dimensional complex wave-functions and the role played by the pseudo-vorticity field. In Section 3, we generalize the ideas presented for the 2D case to allow us to develop a novel algorithm to track vortex lines of a three-dimensional wave-function by making use of the Newton-Raphson method in combination with the pseudo-vorticity field. In Section 4, we demonstrate our algorithm on a number of case studies consisting of different vortex configurations to test the accuracy and the robustness of the method. This includes a detailed evaluation of the curvature and torsion of a perfectly circular vortex ring and a torus knot, two quantities that are very useful to characterise the intrinsic properties of a vortex filaments. As a further test, we also evaluate the Kelvin wave spectra of a perturbed vortex line and vortex ring to illustrate how the algorithm can accurately extract information of a filament across a broad range of scales. Finally we demonstrate that the method is capable of tracking several vortex rings and even a dense vortex tangle. In Section 5, we draw our conclusions on the tracking method and explain how its implementation will complement our present knowledge of superfluid dynamics in the Gross-Pitaevskii model.
The Gross Pitaevskii model
It is known that a three-dimensional system of identical bosons cooled below a critical temperature undergoes a phase transition, called Bose Einstein condensation, where the ground state becomes macroscopically occupied. In the limit of zero temperature and assuming a dilute weakly interacting Bose gas, a classical partial differential equation modelling the dynamics of the system can be formally derived within the Hartree-Fock approximation. Specifically, the system can be described in terms of a complex wave-function ψ representing the order parameter of the condensate within a mean-field approximation. The time evolution is governed by a nonlinear Schrödinger equation, more commonly known in this context as the Gross-Pitaevskii (GP) equation 2 given by
Here g = 4πh 2 a/m is the coupling constant that arises from the assumed contact interaction potential and is expressed in terms of the s-wave scattering length, a,h is the reduced Planck's constant, and m is the mass of the boson. V (x,t) typically corresponds to an external confining potential which we will assume to be zero throughout this work. Equation (1) conserves the total mass of the system defined as
and the total energy
In addition, for the case of an unbounded or a periodic domain, the total linear momentum
is also conserved. By introducing the Madelung transformation given by
the GP equation can be transformed into a coupled set of hydrodynamic like equations such that
These equations describe the motion of a compressible, irrotational and barotropic fluid with a density corresponding to ρ(x,t) = m|ψ(x,t)| 2 and a velocity field equal to v(x,t) = ∇φ (x,t). We remark that, even though the velocity is derived from a velocity potential, the equations can nevertheless admit vortex solutions. These solutions correspond to singular distributions of vorticity (i.e. point vortices in 2D or vortex filaments in 3D). To ensure the flow field maintains finite momentum and energy, vortex solutions are characterised by a depletion of the superfluid density in the vicinity of the vortex such that the density vanishes along the axis of the vortices. In order to support such vortex solutions, the velocity must be a non single-valued function of position. However, as seen from equation (5), φ is related to the phase of the wavefunction. Therefore, in order to ensure that the wave function (5) remains single-valued, the circulation can only take discrete values equal to
Here, s ∈ Z is the winding number and the circulation is, therefore, quantized in units of h/m. Such quantized vortices correspond to topological defects of the order parameter and have a characteristic core size set by the region where the density field drops to zero. This core size is set by the healing length ξ =h/ √ 2gρ ∞ , where ρ ∞ is the condensate density in the far-field away from the vortex core. The healing length provides an intrinsic length scale of the fluid that is set by balancing the kinetic energy (linear term) and the interaction energy (nonlinear term) in the GP equation. Given that vortices correspond to the set of zeros of the complex field ψ (i.e. where the density vanishes), we require
with ψ r ≡ ℜeψ and ψ i ≡ ℑmψ. Therefore, vortices generically correspond to points in two dimensions and filaments in three dimensions. The problem of tracking quantized vortices thus reduces to finding the nodal lines of the wavefunction.
Tracking vortices in two-dimensional complex fields
To numerically track quantized vortices in a two-dimensional complex field, we can make use of the root-finding routine based on the Newton-Raphson (NR) method. This approach has already been used to accurately track quantized vortices in GP simulations 9, 23 . In order to present our method, we will begin by recalling the key elements of the NR method for the vector function Ψ : R 2 → R 2 defined as in equation (9). We will assume that we are able to find a good initial guess x g for the true position of the vortex, denoted by x v , such that
where |Ψ ∞ | ≡ ρ ∞ /m and ε is assumed to be sufficiently small. We can then express Ψ(x v ) ≡ 0 in terms of a Taylor-expansion of the function Ψ about the initial guess to obtain
where
is a Jacobian 2 × 2 matrix. Assuming that the Jacobian is invertible when evaluated at x g , equation (11) can be used to obtain a better approximation for the vortex position, x v given by
This procedure can in principle be iterated as many times as necessary (using the most recent evaluation of x v as the new initial guess for each iteration) in order to converge to the exact location of the vortex. In practice, we will assume a reasonably converged solution when the condition |Ψ(x g )| < ∆ |Ψ ∞ | is satisfied, where ∆ is an arbitrarily small parameter which we typically set to be of the order of machine precision. The advantage of this method is the fast quadratic convergence provided by the NR method but does have the drawback that convergence is not ensured if the initial guess, x g , is far from the true solution, x v . A further important requirement to ensure a reliable and accurate numerical method is the accurate evaluation of x g and the Jacobian J(x g ) at points that do not necessarily coincide with the grid where the field data is stored. We address these issues by setting a sufficiently small value of ε and by using a Fourier series expansion of our wavefunction to maintain full consistency with the spectrally accurate representation of our complex scalar field that is recovered from our pseudo-spectral numerical simulations. We note that simply finding a root of ψ is not enough to detect a quantized vortex since certain solitons or solitary wave excitations can also result in a zero density field. We, therefore, also check that the circulation is non-zero. For a classical fluid, the circulation can be evaluated from knowledge of the vorticity field ω = ∇ × v. However, in the GP model, this quantity is identically zero everywhere except at the vortex points where it corresponds to a Dirac δ -function. A related quantity in quantum fluids can be recovered from the density current
This allows us to define a pseudo-vorticity field as
and has the advantage that it remains regular even at the axis of the vortices. Now writing ψ r = (ψ + ψ * )/2 and ψ i = (ψ − ψ * )/(2i), it is possible to define equation (14) in terms of the gradients of the real and the imaginary parts of ψ:
The pseudo-vorticity encodes important information about a vortex. For example, in two dimensions, the wavefunction of a vortex of winding number s = ±1 located at the origin can be simply expressed in polar coordinates (r, θ ) as ψ(r, θ ) = ρ(r)/m e isθ . Substituting this into the expression for ψ in equation (15), we obtain
wherek is a unit vector perpendicular to the plane containing the point vortex. For a GP vortex, with winding number s = ±1, it is possible to show that the density vanishes quadratically at the vortex core but relaxes to a constant far from the vortex (at length scales exceeding the healing length ξ ) 24 . It follows that the pseudo-vorticity is finite at the vortex core and vanishes outside. Furthermore, its sign determines the charge of the vortex.
To provide an example of the ability of the NR algorithm in tracking vortices in a complex field in two spacial dimensions, we simulated a turbulent superfluid state characterised by several vortices and density fluctuations (sound waves) obtained using a two-dimensional GP model. The computational domain considered was periodic and was discretised using a uniform grid with 256 2 points and a resolution of ∆x = ∆y = 0.5ξ . The GP equation was integrated in time using a standard pseudo-spectral algorithm with a split-step method. The initial condition was generated by imprinting a number of vortices onto the condensate. This was accomplished by taking a product of the single-vortex wave-function defined using a Padé approximation as described in 25 . To impose the periodicity of the field, special care was taken in considering vortex images in the domain. Using this initial condition, we then allowed the vortices to evolve and interact for a sufficiently long time in order to obtain a realistic turbulent flow with vortices coexisting with sound waves. In figures 1(a) and 1(b) we plot the squared modulus and the argument of ψ, respectively, at an intermediate time when a turbulent state has emerged. The vortices are clearly discernible in these plots and correspond to localised density depletions within a field that is otherwise dominated by density fluctuations extending over space. However, in regions where the vortices are tightly clustered together (see for instance the bottom right region), it is not immediately obvious what are the corresponding number of vortices in these regions. In figure 1(c) we present the computed pseudo-vorticity field. As can be seen, this field clarifies not only the number of vortices present in tight clusters but also their charge. In figure 1(d) we plot the extracted vortex positions as computed using the NR technique, distinguishing between vortices characterized by positive (red circle) and negative (green cross) values of circulation. We remark that the tracking parameters chosen here were ∆ = 10 −13 and ε = 0.3. The average number of NR iterations were around 4-5 per vortex while the computational time involved was of the order of a few seconds on a standard desktop machine.
Tracking vortex filaments in three-dimensional complex fields
In contrast to the two-dimensional case where vortices appear in the form of point-like defects, in three spatial dimensions, quantized vortices correspond to filaments which can either form closed loops or end at domain boundaries. The configuration of the filaments can be arbitrarily complicated usually exhibiting non-trivial functional dependence on the local curvature and torsion 26, 27 . Aside from the complex vortex geometries that can arise, quantized vortices can also have a non-trivial topology by organizing themselves into knotted and/or linked structures 13, 28, 29, 30, 31 . Given the much more diverse range of scenarios that can arise in 3D, tracking vortex filaments has remained a significant challenge in simulations of the Gross-Pitaevskii equation. In order to generalize our method to vortex filaments, we will firstly note that the NR method cannot be directly applied to the function Ψ : R 3 → R 2 since the Jacobian (11) would no longer be a square matrix. Alternatively, one might try to apply the method to ψ defined on planes orthogonal to the Cartesian coordinates. This approach would present difficulties in the case when the vortex filament is (almost) tangent to the plane since the determinant of equation (11) becomes almost singular thereby severely degrading the convergence and stability of the method. Another separate problem that arises in 3D is associated with how to recognise that different points in space correspond to zeros of the wavefunction belonging to the same vortex. This information concerning the connectivity of vortex filaments within a tracking algorithm presents a major issue when either a high density of vortex filaments are present in the computational domain or when two vortex filaments are extremely close to one another.
To circumvent these potential difficulties, we will make use of the pseudo-vorticity field defined by equation (15) . Considering that a vortex filament is a curve where both ψ r and ψ i have to vanish, it follows that projections of both ∇ψ r and ∇ψ i onto the curve must also vanish. These considerations reveal that the pseudo-vorticity field (15) is always tangent to the vortex filament. Such a vector field evaluated in the vicinity of a filament not only allows us to identify a plane that is essentially orthogonal to the filament, but it also provides the connectivity information that allows us to determine which points belong to the same vortex.
The tracking algorithm we propose can now be summarised into the following steps (see also figure 2 for an illustration):
1. we begin with an arbitrary initial guess for a zero of ψ which we denote by x g such that
2. for ε sufficiently small, x g will be sufficiently close to the vortex filament. We can then evaluate the pseudo-vorticity field ω ps (x g ) and assume that it points in a direction that is almost parallel to the vortex.
3. we define Π as the plane that passes through the point x g and orthogonal to the direction of ω ps (x g ). This allows us to identify an orthogonal basis (û 1 ,û 2 ) for such a plane up to some arbitrary rotation.
4. we apply the NR method on the plane Π obtaining
where the 2 × 2 Jacobian matrix projected on the plane Π is given by
We note that by construction x v will always lie on the plane Π. As for the application of the NR method in the two-dimensional case, we now keep iterating over these steps until the condition |Ψ(x v )| < ∆ |Ψ ∞ | is satisfied;
5. we now interpret the point x v to belong to the j'th vortex filament and store it as x ( j) i = x v . The integer, i, is set to one at the beginning of the tracking for each vortex filament and is incremented for each consecutive point extracted along a given filament. In order to identify the next point, x ( j) i+1 , along the filament, we make use of the fact that the pseudovorticity field is tangent to the curve. We, therefore, set our next guess to correspond to
where ζ is an arbitrary small parameter andω ps (x i ) is the pseudo-vorticity vector normalised to unity;
6. we return to step (2.) in our algorithm unless i > 1 and one of the following closing conditions for the j'th vortex filament is satisfied:
k | is much less than the parameter ζ (we typically set d
1k < ζ /3). Indeed, for values of ζ that are small relative to the local radius of curvature of the filament, we can assume that the arclength between two consecutive points is approximately equal to ζ . Hence, when the distance d
becomes much smaller than ζ , we an assume that the j'th vortex filament to be closed and identify it with a vortex loop; b) the point x
i ) on the j'th vortex filament is identified with a vortex line if it satisfies the conditions x
where L x , L y and L z denote the dimensions of the periodic domain along the three coordinate directions, respectively. We note that due to the assumed periodicity of the field, points such as (
1 ) do not need to lie within the computational domain; 7. the j'th vortex loop or line is then stored and we return to step (1.) to search for the next vortex filament. In order to avoid re-tracking the same filament multiple times, we make use of a Boolean matrix, initially having all values set to zero, with same size of the grid on which ψ is discretized. After tracking the j'th vortex filament, we set the Boolean matrix equal to unity on all the grid points close to it. The initial guess for the ( j + 1)'th vortex filament is then explored within the remaining volume grid points that correspond to zero entries of the Boolean matrix.
Case studies
In order to demonstrate the accuracy and robustness of the tracking method described above, we will present several test cases corresponding to different vortex configurations. We will initially focus on systems containing a single vortex filament in the form of a vortex loop. We will begin with the simplest possible geometry, a perfectly circular vortex ring before proceeding to track a topologically non-trivial vortex such as a torus vortex knot. To test the accuracy of the method, we compute geometrical quantities such as the coordinates, curvature and torsion of the filaments and compare these against their respective theoretical values.
Both cases are evaluated in a computational domain consisting of a grid of 128 3 points and a resolution ∆x = ∆y = ∆z = 0.5ξ . We begin by considering a ring with a radius R = 4ξ moving along the z-coordinate direction. To set the initial condition, we use the analytical expressions obtained using a Padé approximant by Berloff 25 for a two-dimensional vortex on the x-y plane centred at (0, R) and then rotating such a plane around the z-axis. This produces a vortex ring that is located along the curve given by
where the parameter σ ∈ [0, 2π). After tracking the filament, we computed the geometrical distance between the tracked vortex points and the exact vortex filament to evaluate the error. This gave a maximum value of the order of ∼ 10 −7 thus verifying the precision to which we are able to track the vortices. To further check the accuracy of the method, we calculated the curvature κ and torsion τ, that require the evaluation of high order derivatives of the positions of the filament with respect to the parametrisation of the curve. These can be obtained using the expressions
where s ,s and s represent the derivatives with respect to the parameter σ . From the tracked points, we estimated the constant curvature of the ring to be κ = (0.25 ± 0.2 × 10 −5 )ξ and the torsion to be τ = (0 ± 10 −4 )ξ . These values are in excellent agreement with the theoretical values for the curvature and torsion given by κ th = 1/4ξ (inverse of the ring radius) and τ th = 0, respectively. We remark that accurate evaluation of these quantities is necessary in many problems involving vortex dynamics. For example, curvature and torsion provide an intrinsic description of the geometry of a vortex filament that could be used to identify soliton like excitations 32 . On the other hand, accurate evaluation of the torsion is relevant to the study of helicity for vortex filaments 33, 34 . Therefore, the ability to extract these quantities will be invaluable in understanding fundamental aspects of the dynamics of superfluid vortices. Having demonstrated the algorithm on a simple vortex ring, we will now consider a vortex with a non-trivial topology: a torus vortex knot. The study of vortex knots in superfluids has attracted much interest in recent years as it provides an ideal paradigm to address questions related to helicity conservation in superfluids 15, 29, 13 . A torus knot T p,q is a closed curve built on the surface of a torus having toroidal and poloidal radii R 0 and R 1 respectively that has been twisted p-times around the toroidal axis and q-times around the poloidal axis, where p and q are co-prime integers. Its parametrisation s(σ ) = (s 1 (σ ), s 2 (σ ), s 3 (σ )) is given by
where σ ∈ [0, 2π). The wave-function containing a vortex knot T p,q is obtained following the approach developed in 29 . In order to enforce the periodicity of the field, we perform a coordinate transformation that is an approximation of the identity in the periodic domain. In Appendix A we provide the explicit formulae used for the knot in the periodic domain. As an example, we consider the torus knot T 2,5 build on a torus with a toroidal radius R 0 = 8ξ and a poloidal radius R 1 = ξ /2. In figure 3(a) we plot the iso-surfaces of the density field of the wave-function corresponding to |ψ| 2 = 0.1 |Ψ ∞ | 2 . For a knot with such a small poloidal radius (smaller than ξ ), an iso-surfaces of the density does not allow us to clearly distinguish its geometry from a vortex ring. However, after tracking the filament, its topology becomes apparent, as shown in figure 3(b) . In figures 3(c) and 3(d) we present a comparison between the numerically computed and analytical expressions for the curvature and torsion, respectively. The numerical results (shown as a blue circled line) coincide with the theoretical predictions with only a small amount of noise observed in the torsion that is caused by the way the initial condition for the wavefunction is generated.
In order to illustrate the applicability of the algorithm to a problem containing multiple length scales, we now demonstrate how it can be reliably used to detect small oscillations on a vortex filament. These excitations, called Kelvin waves (KWs), correspond to helical waves propagating along vortex filaments. KWs and their energy spectra have been the object of investigation for some time since their nonlinear interactions is believed to provide a key mechanism in quantum turbulence to transfer energy down to length scales of the order of the vortex core where it can be dissipated through phonon emission. An accurate measurement of the KWs and their spectra on an almost straight vortex line using the two-dimensional NR method has already been performed by Krstulovic 9 . However, the tracking technique described in that work relied on a-priori knowledge of the vortex line configuration, namely that the vortex line was almost orthogonal to planes where the NR method is applied. Since our method is completely independent of the filament's configuration as well as orientation relative to the computational grid, we are able to measure not only the KW spectrum of a vortex line but also the KW spectrum of a vortex ring. To create a wave-function characterised by KWs on a straight vortex line that is aligned along the z-axis, we first consider the wavefunction of the straight vortex line and then shift the x − y planes accordingly (for more details refer to 9 ). KWs on a ring lying on the x − y plane are imposed in a similar way by using the Padé approximation with a perturbed radius together with a small z-component. To test the ability of the algorithm to capture small amplitude KWs, we impose steep KW spectra corresponding to n(k) ∼ k −6 and n(k) ∼ k −3 on the vortex line and the ring, respectively. To smooth out any possible strong gradients in the field arising from the shifts used to construct the initial condition, we integrate our initial conditions over a short duration within the GP equation. The insets of figures 4(a) and 4(b) illustrate the vortex line and the ring, respectively, with their corresponding KW excitations. The KW spectra are evaluated using the Fourier transform of the waves propagating along the straight line or ring. Details for obtaining the spectra are described in Appendix B. In figures 4(a) and 4(b) we present the numerically computed KW spectra (blue circled line) together with the imposed scalings on the KWs that are shown as a red dashed line. The results clearly show that the spectra are reproduced by the algorithm down to the vortex core size. Note that whereas for the KWs on a straight line the spectrum is uniquely defined, on a ring KWs are defined as the perturbation of a smooth ring. To obtain the smooth ring, a convolution with some kernel is needed. The large scales of its spectra are thus kernel dependent, but small scales are independent (see Appendix B for further details).
Having demonstrated the accuracy of the method, we now aim to test the robustness of the algorithm on more complex scenarios. More specifically, we will show that the method is able to track complex vortex configurations characterized by several vortex loops. As an example, we consider 20 vortex rings all having the same radii of R = 8ξ but randomly placed and oriented in the computational domain. To prepare the initial condition, we multiply 20 wave-functions (randomly translated and rotated) of a single vortex ring discretized on a grid with 256 3 points and with a resolution ∆ x = ∆ y = ∆ z = ξ . We then evolve this initial condition for a short time before extracting the vortex positions to obtain a more realistic vortex configuration where also sound waves are present. In figures 5(a) and 5(b) we plot the iso-surfacess corresponding to |ψ| 2 = 0.1 |Ψ ∞ | 2 and the tracked vortex loops, respectively. Visually inspecting the two sub-plots provides qualitative confirmation that the method correctly detects all the vortex rings present in the system. We remark that the computational time needed to track this configuration is less then one hour on a standard desktop machine.
For our final case study, we test the tracking method on a GP simulation containing a dense tangle of quantized vortices. Such a configuration corresponds to a particularly important scenario in the study of quantum fluids since it represents an example of isotropic and homogeneous quantum turbulence. Due to the high density of vortices and the broad range of length scales involved in the dynamics, a vortex tangle also represents one of the most challenging vortex configurations to track. Following the work of Nore et al. 16 , we created a tangle of vortices by evolving an initial configuration characterised by a so-called TaylorGreen (TG) flow. The iso-surfacess of the low-density field and the tracked vortex filaments corresponding to the initial condition are shown respectively in figures 6(a) and 6(b). We remark that the tracking has been carried out by setting ζ = ξ in equation (19) and required a computational time of less than 1 hour on 64 cores running in parallel using MPI. Upon integrating this initial condition forward in time with the GP equation, the interaction between the large scale vortex rings drives the system toward a vortex configuration characterised by a dense tangle where the superfluid motion occurs on a range of time and length scales within the system. This produces a quantum turbulent state as illustrated in the low density iso-surface plots shown in figure 6(c) that were obtained after a time t 10t ed , where t ed corresponds to the largest eddy turnover time of the TG flow. In contrast to the initial condition, the tracking of such a complicated tangle requires us to set ζ = 0.25ξ in order to explore all the small scales associated with the vortex dynamics. figure 6(d) shows the tracked vortex filaments; the tracking process took a computational time of approximately 6 hours on a cluster with 64 cores working in parallel using MPI. Since we have no a-priori knowledge of the number of vortex rings composing the tangle displayed at t = 10t ed , no direct validation of the tracking is possible. The tracking process reveals that the tangle is composed of 576 rings with arc-lengths that vary from L ring = 8.4ξ to L ring = 1108ξ . We point out that although the method should be capable of identifying even smaller vortex rings than those found, smaller rings tend to travel much faster and can shrink due to their interaction with sound waves that act as a thermal bath 35 . Consequently, this can cause them to become rarefaction pulses according to the theory of Jones and Roberts 36 which are not topological defects. This can explain the lack of smaller vortex rings within our simulations. A more complete analysis of the rings making up the vortex tangle is given by the probability distribution function (PDF) of the ring sizes displayed in figure7(a). We see that most of the rings have relatively small size. Such insight into the statistical properties of small vortices can help in estimating the amount of energy transferred into sound waves that compose the bath of thermal excitations through the process of vortex shrinking and annihilation. It is also true that the same PDF exhibits quite large fluctuations which indicates the presence of relatively large vortex rings. Such large vortices are good candidates for testing predictions of KW spectra 37, 38, 39, 40 because they span a broad range of scales. Our tracking algorithm also allows us to explore the spatial distribution of the vortex tangle. For instance, we can evaluate the minimal inter-vortex distance between the i'th and j'th vortex rings
defined by choosing the minimum value of the distance between their vortex points. The PDF of the minimal inter-vortex distances obtained by considering all the combinations of vortex ring pairs is displayed in figure 7(b) . The mean value of this distribution is given by min = 102.7ξ . Another important quantity to quantify in superfluid turbulence is the mean inter-vortex distance which is estimated to be est ∼ 1/ √ L where L is the total vortex length per unit volume 1 . Using our tracking algorithm, we are able to precisely determine the total vortex line length which we find to be 80765.6ξ , providing an estimated mean inter-vortex distance of est = 14.4ξ . We can define the average inter-vortex distance between the i'th and j'th vortex rings as
where N i and N j are the number of points contained in the i'th and j'th vortex rings, respectively. The tracked mean inter-vortex distance can then be evaluated as
where n v is the total number of vortices in the system. In this particular case we obtain track = 25.7ξ which is of the same order of est . Finally, in figure 7(c) we plot the minimal inter-vortex distance in logarithmic scales in order to uncover the trend of the distribution at distances close to zero. Remarkably, we notice that the algorithm is able to track vortex filaments whose minimal inter-vortex distance is below the computational grid (∆x = ∆y = ∆z = ξ ). In figure 7(d) , we zoom in on a part of the tangle to reveal two vortices with a minimal inter-vortex separation of 0.6ξ . This figure further illustrates the accuracy of the algorithm and demonstrates the possibilities it provides in studying processes occurring on very small scales including vortex reconnection events that have generated significant interest in recent years 8, 21 .
Conclusion and future perspectives
In this work we have presented a numerical method to detect vortices of the complex wavefunction ψ describing a quantum fluid governed by the Gross-Pitaevskii model. The tracking is based on a Newton-Raphson root-finding algorithm to detect zeros of the complex field and employs the pseudo-vorticity field to track each vortex filament. We assumed the complex field is periodic that allowed us to make extensive use of spectral techniques to compute the field and its derivatives at any point in the computational domain. This assumption takes advantage of the spectral representation of the discretised field that is commonly used to integrate the GP equation resulting in an algorithm that is spectrally accurate. Moreover, the method is formulated in a general way making no assumptions about the geometry or topology of the vortex filaments. It is, therefore, applicable to any vortex configuration that might arise in the dynamics of superfluid vortices.
We have presented several case studies to assess the accuracy and robustness our vortex tracking algorithm which are relevant to our understanding of the role of quantized vortices in superfluids. We demonstrated the accuracy of the method by showing that it can be used to accurately calculate the curvature and torsion, two quantities that are important in quantifying properties of superfluid vortices. We remark, that because of the spectral representation that we adopt for the complex wave-function, our method allows us to compute any high order directional derivatives along the vortex line by using the tangent vector along the filament (that can be computed from the pseudo-vorticity field) rather than using a spline interpolation scheme. Moreover, we showed that it is capable of extracting information over a broad range of scales including small scale KW oscillations and to distinguish between filaments with an inter-vortex separation that is smaller than the computational grid size. This opens up the possibility to accurately study aspects of vortex reconnections in the GP model.
Precise knowledge of the location of vortex filaments is also useful in quantifying the topological complexity of a tangle since it allows us to evaluate important measures including, the linking, writhe, twist and helicity of the vortices. Complete knowledge of the positions of vortex filaments also allows us to extract statistical information regarding their properties. This can include the distribution of the sizes of vortex loops and the inter-vortex separations which can provide physical insights into the study of the dynamics and decay of the turbulent tangle. For instance, using this method, it is possible to study the evolution of the total vortex line length and to compute the velocity spectra associated with the vortex flow, both quantities that can be measured in quantum turbulence experiments. It is also possible to obtain information about the emergence of spatio-temporal ordering, namely if vortices forming the tangle can organise themselves in oriented bundles or are composed of lines randomly oriented in space with respect to one another.
The method we have presented provides a broad scope for exploring many aspects of superfluid turbulence that have been hindered by the inability to obtain direct access to the information associated with the vortex filaments. It also provides a means to bridge the gap between vortex filament models and the GP model allowing us to test to what extent the models agree with one another. As a final remark, we note that by suitably extending the method presented in this work for the GP equation, it should be possible to track topological defects in other systems including nematic liquid crystals, superconductors, skyrmions, cosmic strings and optical vortices. Although some of these systems can exhibit a more complex and diverse range of topological defects, the principle approach should be generalizable to such systems. This would contribute to our understanding of the role of topological defects across a range of condensed matter systems. where x p , y p and z p is a periodic approximation of the identity at (L/2, L/2, L/4). Namely Assuming that the line is periodic in the z direction, the KW spectrum is defined as
where S KW (k) is the Fourier transform of S KW (σ ) = (X(σ ),Y (σ )). Note that lines obtained from the tracking are not directly parametrised in terms of σ . In order to numerically compute the Fourier transform, the line is remeshed on a regular partition of the interval [0, L z ] (where L z is the size of the periodic domain along the z-coordinate direction) obtained by a high-order interpolation. In Krstulovic 9 , KWs on a straight line were accurately tracked by a NR method using planes perpendicular to the line. The algorithm used in 9 provided a parametrization on a regular mesh that directly allows for the evaluation of the Fourier transform. We have checked that the interpolation does not affect the values of the spectrum at the scales of interest. In order to obtain the KW spectrum of waves on a ring we proceed as follows. Starting from a ring with Kelvin waves S KW (s) expressed in its natural parametrisation, we obtain a long-scale averaged ring S smooth (s) by convolving the line with a Gaussian kernel of width αL, where α ∈ (0, 1) and L is the total length of the line. Once this smooth ring is computed, we define the KWs as S KW (s) = S(s) − S smooth (s).
(B.3) Figure B1 displays a test case with KWs (shown in blue) and the corresponding smooth ring (shown in red). By construction, S KW (s) is a periodic set of 3 signals (one for each spatial dimension). The KW spectrum is then simply defined as in (B.2) using the Fourier transform of S KW (s). Note that the tracking algorithm provides a parametrisation σ that is close to the natural one but not necessarily equal as after each step ζ , the location of the vortex is re-evaluated in the new plane so the distance between the previous point and the new one can be slightly different from ζ . As in the case of KWs on a straight vortex, the line obtained from the algorithm is reparametrized in a regular partition of [0, L] by using a high order interpolation. In this work we used a value of α = 0.1. Varying this coefficient only slightly modifies the large-scale values of the spectrum, but values at scales where scaling is observed remain unchanged.
